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Abstract

This is the proof to the theorem of submitted paper Integrated Dis-

tributed Description Logics.

Theorem 1 Reasoning with inference rules of Fig.1 is correct.

Proof. We prove that for each rule, if an interpretation satisfies the
premises, then it satisfies the conclusion. Let S = 〈O,A〉 be a distributed
system. Let I = 〈I, ǫ〉 be a distributed interpretation of S.

1. Let assume that I |=d i :A ⊑ B

=⇒ AIi ⊆ BIi

=⇒ ǫi(A
Ii) ⊆ ǫi(B

Ii)

=⇒ I |=d i :A
⊑
←→ i :B

2. Let assume that I |=d i :a ⊑ b

=⇒ aIi = bIi

=⇒ ǫi(a
Ii) = ǫi(b

Ii)

=⇒ I |=d i :a
=
←→ i :b

3. Let assume that I |=d i :A(a)

=⇒ aIi ∈ AIi

=⇒ ǫi(a
Ii) ∈ ǫi(A

Ii)

=⇒ I |=d i :a
∈
←→ i :A
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4. Let assume that I |=d i :A
⊑
←→ j :B ∧ I |=d i :A′

⊑
←→ j :B′

=⇒ ǫi(A
Ii) ⊆ ǫj(B

Ij ) ∧ ǫi(A
′Ii) ⊆ ǫj(B

′Ij )

=⇒ ǫi(A
Ii ∪A′Ii) ⊆ ǫj(B

Ij ∪B′Ij )

=⇒ I |=d i :A ⊔A′
⊑
←→ j :B ⊔B′

5. Let assume that I |=d i :a
=
←→ j :b

=⇒ ǫi(a
Ii) = ǫj(b

Ij )

=⇒ ǫj(b
Ij ) = ǫi(a

Ii)

=⇒ I |=d j :b
=
←→ i :a

6. Let assume that I |=d i :A
⊥
←→ j :B

=⇒ ǫi(A
Ii) ∩ ǫj(B

Ij ) = ∅

=⇒ ǫj(B
Ij ) ∩ ǫi(A

Ii) = ∅

=⇒ I |=d j :B
⊥
←→ i :A

7. Let assume that I |=d i :A
⊑
←→ j :B ∧ I |=d j :B

⊑
←→ k :C

=⇒ ǫi(A
Ii) ⊆ ǫj(B

Ij ) ∧ ǫj(B
Ij ) ⊆ ǫk(CIk)

=⇒ ǫi(A
Ii) ⊆ ǫk(CIj )

=⇒ I |=d i :A
⊑
←→ k :C

8. Let assume that I |=d i :a
=
←→ j :b ∧ I |=d j :b

⊑
←→ k :c

=⇒ ǫi(a
Ii) = ǫj(b

Ij ) ∧ ǫj(b
Ij ) = ǫk(cIk)

=⇒ ǫi(a
Ii) = ǫk(cIj )

=⇒ I |=d i :a
=
←→ k :c

9. Let assume that I |=d i :A
⊑
←→ j :B ∧ I |=d j :B

⊥
←→ k :C

=⇒ ǫi(A
Ii) ⊆ ǫj(B

Ij ) ∧ ǫj(B
Ij ) ∩ ǫk(CIk) = ∅

=⇒ ǫi(A
Ii) ∩ ǫk(CIk) = ∅

=⇒ I |=d i :A
⊥
←→ k :C

10. Let assume that I |=d i :A
⊥
←→ j :B ∧ I |=d i :A′

⊑
←→ j :B

=⇒ ǫi(A
Ii) ∩ ǫj(B

Ij ) = ∅ ∧ ǫi(A
′Ii) ⊆ ǫj(B

Ij )

=⇒ ǫi(A
Ii) ∩ ǫi(A

′Ii) = ∅

=⇒ AIi ∩A′Ii = ∅

=⇒ I |=d i :A ⊑ ¬A′
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11. Let assume that I |=d i :A
⊥
←→ j :B ∧ I |=d i :a

∈
←→ j :B

=⇒ ǫi(A
Ii) ∩ ǫj(B

Ij ) = ∅ ∧ ǫi(a
Ii) ∈ ǫj(B

Ij )

=⇒ ǫi(a
Ii) 6∈ ǫi(A

Ii)

=⇒ aIi 6∈ AIi

=⇒ I |=d i :¬A(a)

12. Let assume that I |=d i :a
∈
←→ j :B

=⇒ ǫi(a
Ii) ∈ ǫj(B

Ij )

=⇒ ∃χ ∈ BIj s.t. ǫj(χ) = ǫi(a
Ii)

we introduce a new constant x s.t. xIj = χ.

=⇒ I |=d j :B(x) ∧ I |=d i :a
=
←→ j :x

13. Let assume that I |=d i :a
∈
←→ j :B ∧ I |=d j :B

⊥
←→ j :B

=⇒ ǫi(a
Ii) ∈ ǫj(B

Ij ) ∧ ǫj(B
Ij ) = ∅

=⇒ �

Theorem 2 Let I = 〈I, ǫ〉 be a distributed interpretation of a DS which contains
concepts Ci,Di, roles Ri, Si, individuals ai, bi, o1, . . . , on in ontology Oi and
concept Cj, role Rj, individual aj in ontology Oj.

Ii |= i :Ci(ai) =⇒ I
→
|= C

→
i (a

→
i ) Ii |= i :Ci

⊑
←→ j :Cj =⇒ I

→
|= C

→
i ⊑ C

→
j

Ii |= i :Ri(ai, bi) =⇒ I
→
|= R

→
i (a

→
i , b

→
i ) Ii |= i :Ri

⊑
←→ j :Rj =⇒ I

→
|= R

→
i ⊑ R

→
j

Ii |= i :Ci ⊑ Di =⇒ I
→
|= C

→
i ⊑ D

→
i Ii |= i :Ci

⊥
←→ j :Cj =⇒ I

→
|= C

→
i ⊑ ¬(C

→
j )

Ii |= i :ai = bi =⇒ I
→
|= a

→
i = b

→
i Ii |= i :Ri

⊥
←→ j :Rj =⇒ I

→
|= R

→
i ⊑ ¬(R

→
j )

Ii |= i :ai

=
←→ j :aj =⇒ I

→
|= a

→
i = a

→
j Ii |= i :ai

∈
←→ j :Cj =⇒ I

→
|= C

→
j (a

→
i )

Moreover, the following assertions hold:

I
→
|= C

→
i ⊔D

→
i ⊑ (Ci ⊔Di)

→
I
→
|= R

→
i ⊔ S

→
i ⊑ (Ri ⊔ Si)

→

I
→
|= (Ci ⊔Di)

→
⊑ C

→
i ⊔D

→
i I

→
|= (Ri ⊔ Si)

→
⊑ R

→
i ⊔ S

→
i

I
→
|= C

→
i ⊓D

→
i ⊑ (Ci ⊓Di)

→
I
→
|= R

→
i ⊓ S

→
i ⊑ (Ri ⊓ Si)

→

I
→
|= (∃Ri.Ci)

→
⊑ ∃(R

→
i ).(C

→
i ) I

→
|= (R

−
i

)
→
⊑ (R

→
i )

−

I
→
|= ∃R

→
i .⊤ ⊑ (∃Ri.⊤)

→
I
→
|= (R

→
i )

−
⊑ (R

−
i

)
→

I
→
|= ({o1, . . . , on})

→
⊑ {o

→
1 , . . . , o

→
n } I

→
|= (R

+

i
)
→
⊑ (R

→
i )

+

I
→
|= {o

→
1 , . . . , o

→
n } ⊑ {(o1, . . . , on})

→
I
→
|= (Ri ◦ Si)

→
⊑ R

→
i ◦ S

→
i

Proof.

• Let us assume that Ii |= i :Ci(ai)

=⇒ aIi

i ∈ CIi

i

=⇒ ǫi(a
Ii

i ) ∈ ǫi(C
Ii

i )

=⇒ (a→i )I
→

∈ (C→i )I
→

=⇒ I→ |= C→i (a→i )
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• Let us assume that Ii |= i :Ri(ai, bi)

=⇒ 〈aIi

i , bIi

i 〉 ∈ RIi

i

=⇒ 〈ǫi(a
Ii

i ), ǫi(b
Ii

i )〉 ∈ ǫi(R
Ii

i )

=⇒ 〈(a→i )I
→

, (b→i )I
→

〉 ∈ (R→i )I
→

=⇒ I→ |= R→i (a→i , b→i )

• Let us assume that Ii |= i :Ci ⊑ Di

=⇒ CIi

i ⊆ DIi

i

=⇒ ǫi(C
Ii

i ) ⊆ ǫi(D
Ii

i )

=⇒ (C→i )I
→

⊆ (D→i )I
→

=⇒ I→ |= C→i ⊑ D→i

• Let us assume that Ii |= i :ai = bi

=⇒ aIi

i = bIi

i

=⇒ ǫi(a
Ii

i ) = ǫi(b
Ii

i )

=⇒ (a→i )I
→

= (b→i )I
→

=⇒ I→ |= a→i = b→i

• Let us assume that Ii |= i :ai
=
←→ j :aj

=⇒ ǫi(a
Ii

i ) = ǫj(a
Ij

j )

=⇒ (a→i )I
→

= (a→j )I
→

=⇒ I→ |= a→i = a→j

• Let us assume that Ii |= i :Ci
⊑
←→ j :Cj

=⇒ ǫi(C
Ii

i ) ⊆ ǫj(C
Ij

j )

=⇒ (C→i )I
→

= (C→j )I
→

=⇒ I→ |= C→i ⊑ C→j

• Let us assume that Ii |= i :Ri
⊑
←→ j :Rj

=⇒ ǫi(R
Ii

i ) ⊆ ǫj(R
Ij

j )

=⇒ (R→i )I
→

⊆ (R→j )I
→

=⇒ I→ |= R→i ⊑ R→j
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• Let us assume that Ii |= i :Ci
⊥
←→ j :Cj

=⇒ ǫi(C
Ii

i ) ∩ ǫj(C
Ij

j ) = ∅

=⇒ (C→i )I
→

∩ (C→j )I
→

= ∅

=⇒ I→ |= C→i ⊑ ¬(C→j )

• Let us assume that Ii |= i :Ri
⊥
←→ j :Rj

=⇒ ǫi(R
Ii

i ) ∩ ǫj(R
Ij

j ) = ∅

=⇒ (R→i )I
→

∩ (R→j )I
→

= ∅

=⇒ I→ |= R→i ⊑ ¬(R→j )

• Let us assume that Ii |= i :ai
∈
←→ j :Cj

=⇒ ǫi(a
Ii

i ) ∈ ǫj(C
Ij

j )

=⇒ (a→i )I
→

∈ (C→j )I
→

=⇒ I→ |= C→j (a→i )

Other proofs:

• In the following proof, Ci and Di can be replaced by Ri and Si respectively
to obtain the proof for roles.

(C→i ⊔D→i )I
→

= (C→i )I
→

∪ (D→i )I
→

= ǫi(C
Ii

i ) ∪ ǫi(D
Ii

i )

= ǫi(C
Ii

i ∪DIi

i )

= ǫi((Ci ⊔Di)
Ii)

= ((Ci ⊔Di)
→)I

→

Therefore I→ |= C→i ⊔D→i ⊑ (Ci ⊔Di)
→, I→ |= R→i ⊔ S→i ⊑ (Ri ⊔ Si)

→,
I→ |= (Ci ⊔Di)

→ ⊑ C→i ⊔D→i and I→ |= (Ri ⊔ Si)
→ ⊑ R→i ⊔ S→i .

• Again, Ci and Di can be replaced by Ri and Si.

(C→i ⊓D→i )I
→

= (C→i )I
→

∩ (D→i )I
→

= ǫi(C
Ii

i ) ∩ ǫi(D
Ii

i )

⊆ ǫi(C
Ii

i ∩DIi

i )

= ǫi((Ci ⊓Di)
Ii)

= ((Ci ⊓Di)
→)I

→

Therefore I→ |= C→i ⊓D→i ⊑ (Ci⊓Di)
→ and I→ |= R→i ⊓S→i ⊑ (Ri⊓Si)

→.
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• Let x ∈ ((∃RiCi)
→)I

→

. There exists x′ ∈ (∃RiCi)
Ii s.t. ǫi(x

′) = x.
There exists y′ ∈ CIi

i s.t. 〈x′, y′〉 ∈ RIi

i . ǫi(y
′) ∈ ǫi(C

Ii

i ) = (C→i )I
→

and

〈ǫi(x
′), ǫi(y

′)〉 ∈ ǫ(RIi

i ) = (R→i )I
→

. So ǫi(x
′) ∈ (∃(R→i )(C→i ))I

→

. Hence
I→ |= (∃Ri.Ci)

→ ⊑ ∃(R→i ).(C→i ).

• Here, Ri is a role:

((R−i )→)I
→

= ǫi((R
−
i )Ii)

= ǫi({〈y, x〉; 〈x, y〉 ∈ RIi

i })

= {〈v, u〉; 〈u, v〉 ∈ ǫi(R
Ii

i )}

= ((R→i )−)I
→

Therefore I→ |= (R−i )→ ⊑ (R→i )− and I→ |= (R→i )− ⊑ (R−i )→.

• Let x ∈ (∃R→i .⊤)I
→

. There exists y s.t. 〈x, y〉 ∈ (R→i )I
→

= ǫi(R
Ii

i ). So

there exists 〈x′, y′〉 ∈ RIi

i s.t. ǫi(x
′) = x and ǫi(y

′) = y. So x′ ∈ (∃Ri.⊤)Ii .
Therefore, x ∈ ((∃.⊤)Ii)I

→

. Hence, I→ |= ∃R→i .⊤ ⊑ (∃Ri.⊤)→.

• And here is the proof for the nominals:

({o1, . . . , on}
→)I

→

= ǫi({o1, . . . , on}
Ii)

= ǫi({o
Ii

1 , . . . , oIi
n })

= {ǫi(o
Ii

1 ), . . . , ǫi(o
Ii
n )}

= {(o→1 )I
→

, . . . , (o→n )I
→

}

Therefore I→ |= ({o1, . . . , on})
→ ⊑ {o→1 , . . . , o→n } and I→ |= {o→1 , . . . , o→n } ⊑

{(o1, . . . , on})
→.

• Let 〈x, y〉 ∈ ((R+
i )→)I

→

. There exist 〈x′, y′〉 ∈ (R+
i )Ii s.t. ǫi(x

′) = x and

ǫi(y
′) = y. So there exists x1, . . . , xk ∈ ∆Ii s.t. 〈x′, x1〉 ∈ RIi

i , 〈x1, x2〉 ∈

RIi

i , . . . , 〈xk, y′〉 ∈ RIi

i . So 〈ǫi(x
′), ǫi(x1)〉 ∈ ǫi(R

Ii

i ), 〈ǫi(x1), ǫi(x2)〉 ∈

ǫi(R
Ii

i ), . . . , 〈ǫi(xk), ǫi(y
′)〉 ∈ ǫi(R

Ii

i ). So 〈ǫi(x
′), ǫi(y

′)〉 ∈ (R→i )I
→

. There-
fore I→ |= (R+

i )→ ⊑ (R→i )+.

• Let 〈x, y〉 ∈ ((Ri◦Si)
→)I

→

. There exist 〈x′, y′〉 ∈ (Ri◦Si)
Ii s.t. ǫi(x

′) = x

and ǫi(y
′) = y. So there exists z′ ∈ ∆Ii s.t. 〈x′, z′〉 ∈ RIi

i and 〈z′, y′〉 ∈

SIi

i . So 〈ǫi(x
′), ǫi(z

′)〉 ∈ ǫi(R
Ii

i ) and 〈ǫi(x
′), ǫi(z

′)〉 ∈ ǫi(S
Ii

i ). Therefore,
〈ǫi(x

′), ǫi(y
′)〉 ∈ (R→i ◦ S→i )I

→

. Hence, I→ |= (Ri ◦ Si)
→ ⊑ R→i ◦ S→i .

Counter examples for other constructors:

Theorem 3 Let Oi be an ontology in a distributed system S. Let C and D be
two concepts of Oi, R and S be two roles of Oi, n a nonzero natural number.
For each of the following formulas, there is a distributed interpretation I such
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that I→ does not satisfy the formula.

(∀R.C)→ ⊑ ∀R→.C→ (1)

∀R→.C→ ⊑ (∀R.C)→ (2)

∃R→.C→ ⊑ (∃R.C)→ (3)

C→ ⊓D→ ⊑ (C ⊓D)→ (4)

R→ ⊓ S→ ⊑ (R ⊓ S)→ (5)

(≤ nR.C)→ ⊑≤ nR→.C→ (6)

≤ nR→.C→ ⊑ (≤ nR.C)→ (7)

(≥ nR.C)→ ⊑≥ nR→.C→ (8)

≥ nR→.C→ ⊑ (≥ nR.C)→ (9)

(R→)+ ⊑ (R+)→ (10)

R→ ◦ S→ ⊑ (R ◦ S)→ (11)

For formula (8) and (9) n must be greater or equal to 2.

Proof. We give counter example for each of the previous formulas:

• (1) and (2): Consider the local interpretation I with domain ∆I = {u, v, w, x, y, z},
and interpretation function such that CI = {v}, RI = {〈u, v〉, 〈w, x〉, 〈y, z〉}.
Consider also the equalizing function ǫ : ∆I → ∆ with ∆ = {a, b, c, d} and
s.t. ǫ(u) = ǫ(w) = a, ǫ(v) = ǫ(z) = b, ǫ(x) = c, and ǫ(y) = d. Then,
(∀R.C)I = {u}, and ((∀R.C)→)I

→

= {a}, while ((∀R→.C→)I
→

= {d}.
So I→ 6|=d (∀R.C)→ ⊑ ∀R→.C→ and I→ 6|=d ∀R

→.C→ ⊑ (∀R.C)→.

• (3): With the same interpretation as in previous item, (∃R.C)I = {u}, and
((∃R.C)→)I

→

= {a}. But (∃R→.C→)I
→

= {a, d}. So I→ 6|=d ∃R
→.C→ ⊑

(∃R.C)→.

• (4): Consider the local interpretation I with domain ∆I = {y, z}, and
interpretation function such that CI = {y}, DI = {z}. Consider also the
equalizing function ǫ : ∆I → ∆ with ∆ = {a} and s.t. ǫ(y) = ǫ(z) = a.
Then, (C ⊓D)I = ∅, and ((C ⊓D)→)I

→

= ∅, while (C→ ⊓D→)I
→

= {a}.
So I→ 6|=d C→ ⊓D→ ⊑ (C ⊓D)→.

• (5): Consider the local interpretation I with domain ∆I = {w, x, y, z}, and
interpretation function such that RI = {〈w, x〉}, SI = {〈y, z〉}. Consider
also the equalizing function ǫ : ∆I → ∆ with ∆ = {a, b} and s.t. ǫ(w) =
ǫ(y) = a and ǫ(w) = ǫ(z) = b. Then, (R⊓S)I = ∅, and ((R⊓S)→)I

→

= ∅,
while (R→ ⊓ S→)I

→

= {〈a, b〉}. So I→ 6|=d R→ ⊓ S→ ⊑ (R ⊓ S)→.

• (6): Consider the local interpretation I with domain ∆I = {x, y, λ1, . . . , λn, µ1, . . . , µn},
and interpretation function such that RI = {〈x, λ1〉, . . . , 〈x, λn〉, 〈y, µ1〉, . . . , 〈y, µn〉}
and CI = {λ1, . . . , λn, µ1, . . . , µn}. Consider also the equalizing func-
tion ǫ : ∆I → ∆ with ∆ = {a, b1, . . . , bn, c1, . . . , cn} and s.t. ǫ(x) =
ǫ(y) = a, ǫ(λi) = bi and ǫ(µi) = ci. Then, (≤ nR.C)I = {x, y}, and
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((≤ nR.C)→)I
→

= {a}, while (≤ nR→.C→)I
→

= ∅. So I→ 6|=d (≤
nR.C)→ ⊑≤ nR→.C→.

• (7): Consider the local interpretation I with domain ∆I = {x, y, z, λ1, . . . , λn+1},
and interpretation function such that RI = {〈x, y〉, 〈z, λ1〉, . . . , 〈z, λn+1〉}
and CI = {y, λ1, . . . , λn+1}. Consider also the equalizing function ǫ :
∆I → ∆ with ∆ = {a, b, c} and s.t. ǫ(x) = a, ǫ(y) = ǫ(λi) = b and
ǫ(z) = c. Then, (≤ nR.C)I = {x}, and ((≤ nR.C)→)I

→

= {a}, while
(≤ nR→.C→)I

→

= {a, c}. So I→ 6|=d≤ nR→.C→ ⊑ (≤ nR.C)→.

• (8): Let us assume that n ≥ q2. Consider the local interpretation I with
domain ∆I = {x, λ1, . . . , λn+1}, and interpretation function such that
RI = {〈x, λ1〉, . . . , 〈x, λn+1〉} and CI = {λ1, . . . , λn+1}. Consider also the
equalizing function ǫ : ∆I → ∆ with ∆ = {a, b} and s.t. ǫ(x) = a and
ǫ(λi) = b. Then, (≥ nR.C)I = {x}, and ((≥ nR.C)→)I

→

= {a}, while (≥
nR→.C→)I

→

= ∅ because n ≥ 2. So I→ 6|=d (≥ nR.C)→ ⊑≥ nR→.C→.

• (9): Let us assume that n ≥ q2. Consider the local interpretation I

with domain ∆I = {x1, . . . , xn, y1, . . . , yn}, and interpretation function
such that RI = {〈x1, y1〉, . . . , 〈xn, yn〉} and CI = {y1, . . . , yn}. Consider
also the equalizing function ǫ : ∆I → ∆ with ∆ = {a, b1, . . . , bn} and
s.t. ǫ(xi) = a and ǫ(yi) = bi. Then, (≥ nR.C)I = ∅ because n ≥ 2,
and ((≥ nR.C)→)I

→

= ∅, while (≥ nR→.C→)I
→

= {a}. So I→ 6|=d≥
nR→.C→ ⊑ (≥ nR.C)→.

• (10): Consider the local interpretation I with domain ∆I = {w, x, y, z},
and interpretation function such that RI = {〈w, x〉, 〈y, z〉}. Consider also
the equalizing function ǫ : ∆I → ∆ with ∆ = {a, b, c} and s.t. ǫ(w) =
a, ǫ(x) = ǫ(y) = b and ǫ(z) = c. Then, (R+)I = {〈w, x〉, 〈y, z〉}, and
((R+)→)I

→

= {〈a, b〉, 〈b, c〉}, while ((R→)+)I
→

= {〈a, b〉, 〈b, c〉, 〈a, c〉}. So
I→ 6|=d (R→)+ ⊑ (R+)→.

• (11): Consider the local interpretation I with domain ∆I = {w, x, y, z},
and interpretation function such that RI = {〈w, x〉} and SI = {〈y, z〉}.
Consider also the equalizing function ǫ : ∆I → ∆ with ∆ = {a, b, c} and
s.t. ǫ(w) = a, ǫ(x) = ǫ(y) = b and ǫ(z) = c. Then, (R ◦ S)I = ∅, and
((R ◦ S)→)I

→

= ∅, while (R→ ◦ S→)I
→

= {〈a, b〉, 〈b, c〉}. So I→ 6|=d

R→ ◦ S→ ⊑ (R ◦ S)→.
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