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Abstract

This is the proof to the theorem of submitted paper Integrated Dis-
tributed Description Logics.

Theorem 1 Reasoning with inference rules of Fig.1 is correct.

Proof. We prove that for each rule, if an interpretation satisfies the
premises, then it satisfies the conclusion. Let S = (O, A) be a distributed
system. Let Z = (I, ¢) be a distributed interpretation of S.
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11. Let assume that 7 |:di:A<i>j:B AT =qiza——j:B
= ;(A") Ne;(BY) =0 Aei(a”) € ;(BY)
= ci(a”) ¢ ei(A")
= ql¢ ¢A“
=T Eqi:-A(a)

12. Let assume that 7 =qi:a «— j: B
= ¢;(a") € ¢;(BY)
= Iy € BY s.t. ¢;(x) = ei(a’?)
we introduce a new constant z s.t. zi = X-

=T kE.j:Bla) AT Eqgita+— j:z

13. Let assume that 7 |:di:a<i>j:B/\I Eq.j:B ;j:B
— ¢(al’) € ej(BIj) /\ej(BIj) =0
=0

Theorem 2 LetZ = (I, ¢) be a distributed interpretation of a DS which contains
concepts C;, D;, roles R;,S;, individuals a;,b;,01,...,0, in ontology O; and
concept Cj, role R;, individual a; in ontology O;.

L i:Ci(a) = I~ = C7 (a]) LG = jiCy =17 = O CC)

I Ei:Ri(as b)) = I~ = R (a;",b]) L= i:R; < j:R; — I~ = R;” C R}

L i:CiEDi =TI 0 CD;  LiC ej:C;=1I |=C C~(C;")
I Fita;=bi — T~ Ea = b I iR < j:R; = I~ |= R C~(R}")
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Moreover, the following assertions hold:
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Proof.
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Let us assume that I; | i: R;(a;, b;)
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Let us assume that I; E=i:C; C D;
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= €(C]") C &(D]")
= (7)) < (D)
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Let us assume that I; Ei:a; =b;

= (a;)" =

?

Let us assume that I; Ei:a; < j:a;

= €i(a]")
= (a;7)"

=71 Ea

Let us assume that I; = i:C; £ j:C;

= «(Cf') Ce(C))

= () =)
=1 ECCCy
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e Let us assume that I; E1i:C; éj:Cj

:EZ(CI)QEJ( Py =0
= () (@)t =0
=TI~ 7 C—(C))

e Let us assume that I; Fi: R; <i>j:Rj

= (R Ne;(RY) =0
= (R7)F n(RB)F =0
— I~ = R C~(R;")

e Let us assume that I; Fi:a; & Jj:C;

= €i(a]') € ¢;(C))

= (a;7)F e (C7)t

— T G (a))

Other proofs:

e In the following proof, C; and D; can be replaced by R; and S; respectively
to obtain the proof for roles.

(CmuD)F =€) v

= &(C]") Ue(D]")
&(Cj* U D;)
= ;((C; U Dy)')

((C;uD) )"

Therefore I~ (= C;> UD; C (C;UD;)~, I~ =R US;” C (R US;)™

e Again, C; and D; can be replaced by R; and S;.
(C DY) =(C)F n(D7)E
=& (Cl) Ne(D])
C e(CT A DI
= ;((C; 1 Dy)T)
= ((GinDy))F

Therefore 7~ |= C;”MD;” C (C;ND;)” andZ— = R;"NS;” C (R;NS;)™



e Let z € ((3R;C;)™)F . There exists 2’ € (AR;C;)" st. (') = z.
There exists y' € Cl* s.t. (a/,y/) € RI. e(y -
(ei(2)), ei(y)) € e(R) = (R7)F . So ei(a)
I~ (BR.C)™ C3(R7)(CF).

e Here, R; is a role:

(RO =al((®)")

= ei({(y, x); (z,y) € R}'})
{(v,u); (u,v) € e;(R])}
=((R7))F

Therefore 77 = (R, )7 C(R;7)” and I7 = (R77)” C (R;)™

7

e Let z € (3R;.T)T . There exists y s.t. (z,y) € (R;7)T = ei(RY). So
there exists (z/,y') € Rl s.t. (') = z and ¢ (¢/) = y Soz' € (HR Tk,
Therefore, x € ((3.T)%)? . Hence, T~ = 3R;”". T C (3R, T)™

e And here is the proof for the nominals:

({o1,.. 00} ) =e{o1,...,0,}")

= Ei({O{i, .. 707117})
= {ei(0]),...,ei(0l)}
={(o)" (o)}

Therefore 77 = ({01,...,0n}) 7 E{o7,...,0, }andZ~ = {o7",...,0,} C

{(o1,...,0n})"

e Let (z,y) € (Rf)™)% . There exist (2/,y') € (R])* s.t. €;(2') = x and
(y') = y. So there exists x1,...,x, € Al s.t. (2/,21) € R (x1,20) €
Rli,... (x,y) € RI'. So ((a),ei(ar)) € &i(R), (ei(@1), ei(w2)) €
e(REY, ... (eixn), e (y)) € ei(RE). So (e;(x"), ei(y)) € (R;”)F . There-
fore I7 | (RF)™ C (R7)*.

o Let (z,y) € ((RiOSi)H)Iﬁ. There exist (z/,y') € (R;0S;)% s.t. €;(2') ==
and ez( ') = y. So there exists 2 € Al s.t. (2/,2') € RY and (2/,y/) €
Sti <e ('), () € e(RY) and (e;(z'), €i(2)) € €(S!). Therefore,
(€ ( ) ") € (R 0S;7)F . Hence, T~ |= (R; 0 S;)” C R;” 0 S;”.

Counter examples for other constructors:

Theorem 3 Let O; be an ontology in a distributed system S. Let C' and D be
two concepts of O;, R and S be two roles of O;, n a monzero natural number.
For each of the following formulas, there is a distributed interpretation T such



that T does not satisfy the formula.

(VR.C)” CVYR™.C™ (1)
VR™.C™ C (VR.C)™ (2)
JR”.CT C (3R.C)™ (3)
c"nb-C((CnD)” (4)
R™NSTC(RNS)™ (5)
(<nR.C)” C<nR™.C™ (6)
<nR™”.CT” C(<nR.C)™” (7)
(=nR.C)” C>nR™.C™ (8)
>nR™.C~ C(>nR.C)” 9)
(R C (RY)™ (10)
R7o0STC(RoS)™ (11)

For formula (8) and (9) n must be greater or equal to 2.
Proof. We give counter example for each of the previous formulas:

e (1) and (2): Consider the local interpretation I with domain A? = {u, v, w,z,y, 2},
and interpretation function such that Cf = {v}, RT = {{u,v), (w, x), {y, 2)}.
Consider also the equalizing function € : A’ — A with A = {a, b, c,d} and
s.t. e(u) = e(w) = a, €(v) = €(z) = b, e(x) = ¢, and €(y) = d. Then,
(VR.C)! = {u}, and ((YR.C)™)T " = {a}, while (VR~.C™)Z " = {d}.

So T~ fq (VR.C)~ CVYR™.C~ and I~ g VR™.C— C (YR.C)™.

(3): With the same interpretation as in previous item, (3R.C)! = {u}, and
(BR.C)™)T " ={a}. But BR~.C)Y ={a,d}. SoI~ £qIR~.C™ C
(3R.C)™.

e (4): Consider the local interpretation I with domain Al = {y, 2}, and
interpretation function such that C! = {y}, D! = {z}. Consider also the
equalizing function € : A7 — A with A = {a} and s.t. €(y) = €(2) = a.
Then, (CM D)’ =0, and (CND)~)F =0, while (C~ D)2 = {a}.
SoZ7 fqaC D7 C(CMID)™.

e (5): Consider the local interpretation I with domain A = {w, z,y, 2}, and
interpretation function such that Rf = {(w,z)}, ST = {(y, 2)}. Consider
also the equalizing function € : AT — A with A = {a,b} and s.t. e(w) =
e(y) = a and e(w) = €(z) = b. Then, (RMNS)! =0, and (RNS)™) =0,
while (R71S7)Y " = {{a,b)}. So I~ g R" NS~ C(RMNS)™.

e (6): Consider the local interpretation I with domain AT = {z,y, A1, ..., Ay fi1s - -5 fin b,
and interpretation function such that R = {(x, A1), ..., (z, \n), (Y, 1), - - -, (Y, ptn) }
and C! = {\1,..., An, 41, .-, tn}. Consider also the equalizing func-
tion € : AT — A with A = {a,b1,...,by,c1,...,¢,} and s.t. e(z) =
e(y) = a, e(\;)) = b; and e(p;) = ¢;. Then, (< nR.C)! = {z,y}, and



(£ nR.C)™)E" = {a}, while (< nR™.C7)T = 0. So I~ Wy (<
nR.C)” C<nR~.C™.

(7): Consider the local interpretation I with domain AT = {z,y,2, A1, ..., A\s1},
and interpretation function such that R = {{z,y), (2, A1), ..., (2, Ans1)}

and CT = {y,A1,...,A\s1}. Consider also the equalizing function e :

AT — A with A = {a,b,c} and s.t. e(x) = a, e(y) = €(\;) = b and

€(z) = ¢. Then, (< nR.C)! = {z}, and (< nR.C)™) = {a}, while
(<nR~.C™)" ={a,c}. SoI~ Fq<nR™.C~ C (< nR.C)™.

(8): Let us assume that n > ¢2. Consider the local interpretation I with
domain A? = {z,A1,..., \ns1}, and interpretation function such that
R ={{z, M), ..., (2, \ny1)} and CF = {\y,..., \y1}. Consider also the
equalizing function € : A’ — A with A = {a,b} and s.t. e(x) = a and
€(\;) = b. Then, (> nR.C)! = {2}, and ((> nR.C)~)* = {a}, while (>
nR_’.C_))Iﬂ = () because n > 2. So I~ [£q (> nR.C)” C>nR~.C™.

(9): Let us assume that n > ¢2. Consider the local interpretation I
with domain A? = {zy,...,2Zn,¥1,-..,Yn}, and interpretation function
such that RY = {{z1,y1),...,{Tn,yn)} and C! = {y1,...,y,}. Consider
also the equalizing function € : A’ — A with A = {a,b1,...,b,} and
st. e(z;) = a and €(y;) = b;. Then, (> nR.C)! = () because n > 2,
and ((> nR.C)™)T" =0, while (> nR™.C™)* " = {a}. So I~ W4>
nR~.C~ C (>nR.C)".

(10): Consider the local interpretation I with domain Al = {w,z,vy, 2},
and interpretation function such that R = {(w, ), (y,z)}. Consider also
the equalizing function € : A! — A with A = {a,b,c} and s.t. e(w) =
a, €(r) = e(y) = b and €(z) = c¢. Then, (RT)! = {{w,z),(y,z)}, and
(R)™)F = {{a,), (b, )}, while (R)")F = {{a,b), {b, &, (@, )}. So
7 Pa (RT)TE(RT)7.

(11): Consider the local interpretation I with domain Al = {w,z,y, 2},
and interpretation function such that RY = {(w,z)} and ST = {(y, z)}.
Consider also the equalizing function € : A’ — A with A = {a,b,c} and
st. e(w) = a, e(z) = €(y) = b and €(2) = ¢. Then, (Ro S)! = (), and
(Ro8)=)7 = 0, while (R~ 0 §~)F = {{a,),(h)}. So I~ I
R7o0STLC(RoS)™.



